The aim of this paper is to review of our results on description of the multi-parameter deformed oscillators and their oscillator algebras. We define generalized (q; α, β, γ; ν)-deformed oscillator algebra and study its irreducible representations. The Arik-Coon oscillator with the main relation aa + − qa + a = 1, where q > 1 is embedded in this framework. We find connection of this oscillator with the Askey q −1 −Hermite polynomials. We construct family of the generalized coherent states associated with these polynomials and give their explicit expression in terms of standard special functions. By means of the solution of appropriate classical Stielties moment problem we prove the (over)completeness relation of these states.
Introduction
The oscillator algebra plays a central role in the investigation of many physical systems. It is also useful in the theory of Lie algebra representations. The physical motivation of the study of deformed boson and fermion quanta is connected with the hope that the deformed oscillators in nonlinear systems will play the same role as usual oscillator in the standard quantum mechanics.
The investigation of the one-parameter deformed oscillator algebras in theoretical physics originated from the study of the dual resonance models of strong interactions [1] . The q-deformed analog of the harmonic oscillator was introduced in the well-known papers [2, 3] .
In parallel with the one-parameter deformed commutation relations the two-parameter (p, q)-deformation of this relations has been introduced [4, 5] . The connection (p, q)-deformed oscillator algebra with (p, q)-hypergeometric functions has been established in [6] .The two-parameter deformed boson algebra invariant under the quantum group SU q1/q2 ( 'Fibonacci' oscillator) was studied in [7] .
A wide class of the generalized deformed oscillator algebras studied in literature is connected with the generalized deformed oscillators. The attractive description of the systems of particles with continuous interpolating (Bose and Einstein) statistics, the theory of fractional quantum Hall effect, high T c superconductivity require of an deformation of the canonical commutation relations. The q-deformed oscillators are used widely in the molecular and the nuclear spectroscopy. Nonlinear vector coherent states (NVCSs) of f -deformed spin-orbit Hamiltonians became the focus of attention the research of [8] . This class includes multi-parameter generalization of the one-and two-parameter deformed oscillator algebras [8, 9, 10, 11, 12, 13, 14] . Some of them have found application in investigation of various physical systems.
The multi-parameter deformed quantum algebras was used in work [15] to construct integrable multiparameter deformed quantum spin chains. It is naturally, the magnification of the number of deformation parameters makes the method of the deformations more flexible. Although multi-parameter deformed quantum algebra in some cases can be mapped onto standard one-parameter deformed algebra [16, 17] the physical results in both cases are not the same. The Hamiltonian of the electromagnetic monochromatic field in the Kerr medium [18] is embedded in the framework of fourparameter deformed oscillator algebra [12] . This gives the complete description of the energy spectrum of this system. The most general famous examples of the multiparameter deformed oscillator algebras is the (q; α, β, γ)-and (q, p; α, β, l)-deformations of the one-and twoparameter deformed oscillator algebras [9, 10, 11] .
The modified oscillator algebra [19] has found applications in the study of the integrability of the two-particle Calogero model [20] . This algebra has been generalized to C λ -extended oscillator algebra [21] with the hope to exploit theirs for construction of new integrable models. The generalized C λ -extended oscillator algebra -the S N -extended oscillator algebra, supplemented with a certain projector-underlying an operator solution N-particle Calogero model [22] . For the same purpose a "hybrid"model of the q-deformed and the modified oscillator algebras has been proposed [23] .
To complete the cycle of these ideas we have proposed the generalized (q; α, β, γ; ν)-deformed oscillator algebra as "the synthesis"of the (q; α, β, γ)-deformed [2, 9] and ν-modified oscillator algebras [19] . The unified form of the (q; α, β, γ; ν)-deformed oscillator algebra is useful not only because its gives unified approach to the well-known examples of the deformed oscillator algebras, but also because it gives new partial examples of the deformed oscillators with useful properties. By means of selection of special values of deformation parameters we have separated a generalized deformed oscillator connected with generalized discrete Hermite II polynomials [13] . By theirs means we have constructed the BarutGirardello type coherent states of this oscillator.
We have found the conditions on the (q; α, β, γ; ν)-deformation parameters at which the (q; α, β, γ; ν)-deformed oscillator approximate the usual anharmonic oscillator in the homogeneous Kerr medium. The ArikCoon oscillator with the main relation aa + − qa + a = 1, where q > 1, is embedded in these framework. We find connection of this oscillator with the Askey q −1 −Hermite polynomials. We construct family of the generalized coherent states, associated with these polynomials, and give their explicit expression in terms of standard special functions. By means of the solution of appropriate classical Stielties moment problem we prove the (over)completeness relation of these states.
Oscillator algebra and its generalized deformations
The oscillator algebra of the quantum harmonic oscillator is defined by canonical commutation relations
It allows for the different types of deformations. Some of them have been called generalized deformed oscillator algebras [9, 24, 25, 26] . Each of them defines an algebra generated by the elements (generators) {1, a, a + , N } and the relations
where f is called the structure function of the deformation. Among them -the multiparameter generalization of one-parameter deformations [9, 10, 11, 12, 13, 21, 23, 26] . Let us recount some of them. 1. The Arik-Coon q-deformed oscillator algebra [1] 
2. The Biedengarn-Macfarlane q-deformed oscillator algebra [2, 3] 
3. The Chung-Chung-Nam-Um generalized (q; α, β)-deformed oscillator algebra [9] aa
where α, β ∈ R. 4. The generalized (q; α, β, γ)-deformed oscillator algebra [10] aa
where q ∈ R + , α, β, γ ∈ R. 5. The ν-modified oscillator algebra [19, 20] [a,
This oscillator, as it has been shown in [20] , is linked to two-particle Calogero model [27] . 6. The deformed C λ -extended oscillator algebra [21] is defined by the relations
where ν k ∈ R and H(K), K(N ) are real analytic functions. This algebra permits the two Casimir operators C 1 = e 2πN and C 2 = λ−1 k=0 e −2πi(N −k)/λ P k . 7. The new (q; ν)-deformed oscillator [23] 
has been defined by the combination of the idea of Biedenharn-Macfarlane [2, 3] q-deformation with the Brink, Hanson and Vasiliev idea [20] of the ν-modification of the oscillator algebra. 8. In order to complete this cycle of ideas we consider a (q; α, β, γ; ν)-deformed oscillator algebra -"hybrid"of the (q; α, β, γ)-deformed (6) and the ν-modified (7) oscillator algebras -or, more exactly, an oscillator defined by the generators {I, a, a + , N, K} and relations
where q ∈ R + , α, β ∈ R, ν ∈ R − {0}. This model unifies all deformations 1. -7. of the oscillator algebra (1).
3. Generalized (q; α, β, γ; ν)-deformed oscillator algebra and its simplest properties (a) (q; α, β, γ; ν)-deformed structure function. Description of an deformed oscillator algebra requires the determination of the deformation structure function f (n).
Equations (2) and (10) imply the recurrence relation
Its solution is obtained by the mathematical induction method [28] . The solution of the equation (11) with the initial value f (0) = 0 is given by the following formula
(b) Useful formulas. Following formulas will be useful for the study of this algebra. One of them is
where n ≥ 1, and the other one
is deduced by the method of mathematical induction. The direct calculations leads to (13) . For [n; α, γ; νK] the second formula gives the generating function
The defining relations of the deformed C 2 -extended oscillator are given by
where q, ν ∈ R, k, l = 1, 2, and E(N ), H(N ) are real analytic functions. As we saw above the deformed extended oscillator algebra C λ permits the two Casimir operators C 1 , C 2 . In case of the C 2 -extended oscillator algebra they have the form
Let us define the operator
where D(N ), E(N ) are some analytic functions of N . The operatorC 3 will be the Casimir operator of the oscillator algebra (16) if the only one condition [C 3 , a] = 0 holds. It amounts to determination of the solution of the equations
where
Substituting the solution E(N ) = 2q αN +β /(q γ + q α ) of the equation of (19) and H(N ) = q αN +β in (16), we obtain the commutation relations of the (q; α, β, γ; ν)-deformed oscillator algebra (10) . Moreover, the solution
of the first equation (19) gives the explicit form of the Casimir operator
4. Classification of representations of unified (q; α, β, γ; ν)-deformed oscillator algebra
As has been shown in the previous Section the (q; α, β, γ; ν)-deformed oscillator algebra allows for a nontrivial center what means that it has irreducible non-equivalent representations [29, 30] . We give a classification of these representations by a method similar to the one in the articles [31, 32] . Due to the relations (10) and (17) there exists a vector |0 such that
where 0|0 = 1 and ω is the value of the Casimir operator C 2 in the given irreducible representation. By means of (13) we find that vectors
are eigenvectors of the operators a + a and aa + :
Let us define new system of the orthonormal vectors {|n } n=∞ n=−∞ , by
Then the relations (10) are represented by the operators
where B = 2νωe −iπκ0 ∈ R. Due to non-negativity of the operators a + a, aa + we have λ n ≥ 0 and µ n ≥ 0. From the identity a(a + a)|n = (aa + )a|n we find
and from (24) the recurrence relation
Take into account the relation (10) the solution of equation (26) can be represented by
The nonnegativity of λ n (γ − α = 0) implies for n = 2k and for n = 2k + 1 respectively
The representations of the generalized oscillator algebra are reduced to the four classes of unireps:
Therefore there exists n 0 such that λ n < 0for all n < n 0 .
After possible re-numbering we may assume
Therefore the representation of the relations (10) is given by formula (24) with
(ii) Assume γ − α > 0, q > 1 (γ − α < 0, 0 < q < 1). From this it follows that at least one of the numbers
q γ +q α is positive. Due to (28) , (29) there exists n 0 such that for all even or odd n < n 0 , λ n < 0 and after possible renumbering we may assume
The nonnegativity condition for λ n implies B ≥ −1 gives:
• If B > −1. The representations relations (10) are given by formulae (24) with
The arbitrary values of the parameter κ 0 , and B > −1 define nonequivalent infinite-dimensional representations(24) of of the relation (10).
• If B = −1. In this case due to (25)λ 1 = µ 0 and the representations (24) are defined by
From this it follows that at least one and only one of the numbers
q γ +q α is positive. Due to (28), (29) there exists n 0 such that for n > n 0 the λ n is negative for even and odd values n. This implies a + |n = 0 for some n ≥ n 0 . After possible renumering we have
This condition implies λ 1 = 0, or λ 0 = −q ακ0+β−γ (1 + B). The condition λ 0 ≥ 0 is equivalent to B ≤ −1. If B = −1, one obtains the representation (31). If B < −1, it leads to
The nonnegativity condition for λ n gives a restriction for possible values of B :
• For values B < q γ +q α q γ +q α we have λ n > 0. Therefore the representation of (10) • For values B = 
These representations are distinguished by the arbitrary values κ 0 , and B = ±
(iv) Let us assume q < 1, γ − α > 0, (q > 1, γ − α < 0) and λ n be defined by (27) . This and the conditions that both values
q γ +q α are nonpositive (then at last one of them must be strictly negative) lead to cases (see (28) , (29)). There are following possibility:
Due to (28), (29) there exists n 0 such that for n > n 0 the λ n is negative for even and odd values n. This implies as in (ii):
These representations of the relations (10) are given by formulae (24) with λ n (30).
• −1 < B. These representations of the relations (10) are given by formulae (31) . 
This condition implies λ n > 0, ∀n ∈ Z. This representation is given by formulae (24) with λ n as (27) for α = β and n ∈ Z.
(37)
The representations the same as in b).
It follows λ n = 0, ∀n = 2k. The vector space of this representation spanned by the two-dimensional vectors
Therefore the representation is two-dimensional and given by the formula
These representations are defined by arbitrary values of κ 0 , and λ 0 = 0, B = − q γ +q α q γ −q α .
Generalized (q; α, β, γ; ν)-deformed oscillators and nonlinear quantum optical model
In this Section we study some aspects concerning the possible interpretation of (q; α, β, γ; ν)-deformed noninteracting systems describing non-deformed interacting systems. We consider an anharmonic oscillator in quantum optics defined by the Hamiltonian H to describe laser light in a nonlinear Kerr medium. In lower order it is of the form [18] 
where κ is the real constant related to nonlinear susceptibility χ 3 of the Kerr medium. In the framework of the (q; α, β, γ; ν)-deformed oscillator algebra with the help of a corresponding choice of the deformation parameters we shall construct operators approximating this Hamiltonian.
If α = γ we consider the (q; α, β, γ; ν)-deformed oscillator algebra (10) and define the corresponding Hamiltonian by
or
Assuming small values of γ and β in this operator we obtain an approximation of this Hamiltonian
Comparing (39) and (42) we obtain their equivalence if
If γ = α ν = 0 we consider (q; α, β, γ; ν)-deformed oscillator algebra (10) and the Hamiltonian
If we introduce the new deformation parameters q = e, α = ρ + µ, γ = ρ − µ, β = 0, then Hamiltonian (44) takes the form
Assuming small values of µ and ρ in this operator and using the expansion
. . . 
Comparing (39) and (47) we obtain their equivalence if
6. Generalized (q, p; α, β, l)-deformed oscillator
We introduce the multi-parameter generalization of the two-parameter deformed oscillator algebra [11] (p, q; α, β, l)-deformed canonical commutation relations by the formulas
It is easy to see that function f (n) for this case has the form
with α, β, ∈ R, l ∈ Z. The creation and annihilation operators a, a + and the operator N of the relations (49) act on the Hilbert space H with the basis {|n }, n = 0, 1, 2 . . . as follows
We define the difference operator (the Jackson derivative)
where f (z) belong to a space of functions (analytic if l/α is an integer). It follows
If l/α is an integer, then for an analytic function f (z) = ∞ n=0 a n z n we have
Then in this space we can give the "coordinate"realization of the relations (49):
Indeed, from (54) we obtain
It follows
and analogously,
In a similar way, from (54)we obtain
and, therefore, representation of the relations (49). The unified form of the (q; α, β, γ; ν)-deformed oscillator algebra is useful not only because its gives unified approach to well-know deformed oscillator algebras 1.-5. of Sec. 2., but also because it gives new partial examples of the deformed oscillators with useful properties. Let us consider the example of such oscillator algebra. It is convenient to introduce in (62) the new deformation parameters
and assume ν = 0, α = γ. Then we obtain generalized deformed oscillator
with the structure function of deformation
and whose properties we shall study below.
8.
Arik-Coon oscillator with q > 1 and (q; a, b, c; 0)-deformation
Fixing the values of the parameters in (59) we arrive to the oscillators well studied in literature: a = 1/2, b = −1, c = 0 (the Arik-Coon oscillator with q < 1) connected with the Rogers q− Hermite polynomials, a = −1, b = 2, c = 2 (the oscillator, connected with the discrete q-Hermite II polynomials [33] ). The replacement q → 1/q in (3) leads to the oscillator
where q < 1 which is equivalent to the oscillator (59), where a = −1/2, b = 1, c = 2, with the structure function of the deformation
connected [34] with q −1 -Hermite polynomials Askey [35] . As has shown [34] the operator Q = a + + a, or
is a unbounded symmetric operator. Its closureQ is not self-adjoint operator and has the deficiency indices (1,1) [36] . Defining the generalized eigenfunction Q|x = x|x , where |x = ∞ n=0 P n (x)|n , we obtain the recurrence relation
The coefficients P n (x; q) of this equation satisfy the relation
Introducing the change of variables
we obtain the recurrence relation
The solution of this equation with initial conditions h 0 (x; q) = 1, h 1 (x; q) = 2x is given by the q −1 − Hermite polynomials [37] 
The orthogonality relation for these polynomials is
(a) Generalized Barut-Girardello coherent states. We denote by H F the Hilbert space spanned by the basis vectors |n >= ψ n (x; q), n = 1, 2, . . . of the orthogonal polynomials (66). We consider H F as the Fock space for the operators a + , a. These operators (59) in the space H F are represented as a|n = r n−1 |n − 1 , a + |n = r n |n + 1
The coherent states of the Barut-Girardello type for this oscillator in the Fock space H F are defined as eigenvectors of the annihilation operator a a |z = z |z , z ∈ C.
Thy are given by the formula
where N is normalized factor and
We consider the coherent states of this oscillator, connected with q −1 -Hermite polynomials (68). They are given by the expression (72), where
It follows
Take into account the relation (69) the normalizing factor can be written
Using the generating function [38] 
for polynomials h n (x; q) and (73) one obtains
(b)Completeness of generalized coherent states. It is necessary to prove the decomposition of unity formula
i.e., to construct a measure
Using (72) the relation (78) can be represented as
Defining
we arrive to the solving of the classical moment problem
and replacement of the variables W (y) = 
In order to solve moment problem (83) we define a qexponential function
where [39] 
Define deformed derivative by
one obtain
and therefore
] q e q (x) = e q (x).
The following Leibniz rule holds for this deformed derivative
From this rules and relation e 
i.e., 
We now introduce the Jackson integral corresponding to the derivative (86)
The formula integration by parts has the form
Let us consider the integral
Using the formula (93) we obtain 
so that
The measure in (79) is given by dµ(|z| 2 ) = 1 − q πq −(1 − q)|z| 2 ; q) ∞ e−1 (1 − q)|z| 2 × ∞ l=0 |z| 2 δ (1 − q)|z|
Conclusions
The aim of this article is observation of the results obtained in [11, 13, 14, 28] on the generalized (q; α, β, γ; ν)-deformed oscillator algebra. We study general properties of this algebra. The Arik-Coon oscillator with the main relation aa + − qa + a = 1, where q > 1, is embedded in the framework of the unified (q; α, β, γ; ν)-deformed oscillator algebra. In addition we discuss for this last case uniqueness the solution of the Stielties moment problem. The subsequent investigations of the properties of the (q; α, β, γ; ν)-deformed oscillator algebra and its applications can be found in the works [8, 40, 41, 42, 43, 44, 45] .
